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Generation of the neutrino masses and leptogenesis (LG) in the Standard Model
extended by the heavy Majorana fermions is considered. Classification of LG sce-
narios according to the new fermion mass spectra is given, where singlet-triplet
LG is considered for the first time. The upper bound on the CP asymmetry rele-
vant for LG with hierarchical heavy neutrinos (Davidson-Ibarra bound) is revised,
and shown that in the case of one massless neutrino it essentially depends on the
type of the light neutrino mass hierarchy. The resonant scenarios, which help to
avoid the problem of extremely high reheating temperature in the early universe,
are discussed. In particular, we present new simplified, generalized and detailed
formulation of freed LG, which violates Davidson-Ibarra bound in a special class
of models.
1. Introduction
The observable small neutrino masses and large baryon asymmetry of the Universe [1] can
be economically explained by the see-saw mechanism [2]-[7] and the baryogenesis [8, 9] via
leptogenesis (LG) scenario [10], respectively, which are widely discussed in the literature.
So far many variations of this mechanisms have been found with different new fermion
and scalar representations involved, where the neutrino masses can be generated on the
tree and loop levels [11]-[16], while LG occurs through the out-of-equilibrium decays of
the heavy fields involved in the see-saw.
According to Sakharov criteria [8], one of the central roles in these theories is played
by the CP asymmetry  relevant for LG. In the case of hierarchical heavy neutrinos
the model-independent upper limit on || is proportional to the light neutrino mass
difference, and called Davidson-Ibarra bound [17]-[21], which implies strong lower bound
on the masses of the heavy neutrinos involved in LG. Thermal production of such heavy
neutrinos in the early universe requires high reheating temperature, which may lead to
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overproduction of light states possibly present in the spectrum of a theory. This is called
a gravitino problem [22, 23] since in the supersymmetric models such light states are
typically gravitinos.
However  may be resonantly enhanced, which helps to avoid the gravitino problem.
Popular mechanism of such enhancement due to possible quasi-degeneracy of heavy neu-
trino masses is known as resonant LG [24]-[29], and may take place even at TeV scale.
Moreover it was recently discovered in Refs. [30, 31] that even for hierarchical heavy
neutrinos Davidson-Ibarra bound can be violated in the class of models with partial can-
cellation between various (e.g., tree and loop) contributions to the observable neutrino
masses. The mechanism with this new type of resonant enhancement of  (expressed in
terms of light neutrino masses) is called freed LG since it significantly frees the allowed
parameter space for successful LG, and may improve testability of the underlying mod-
els. In this way, freed LG extends the benefits of resonant LG to more general case of
hierarchical heavy neutrinos.
In this paper we present new simplified, generalized and detailed formulation of freed
LG. To start with, in the next section we consider standard model (SM) extensions by
heavy Majorana fermions, which possess the see-saw mechanism. In these extensions
the neutrino masses can be generated by the tree level exchange of the fermion singlets,
triplets and both singlets plus triplets, which is called type I [2]-[7], III [32]-[34] and
hybrid I+III [35]-[38] see-saw mechanism, respectively.
The classification and uniform description of various types of LG in the considered
models we present in section 3.1. Among them there are four basic types, since the
decaying lightest non-SM fermion and the heavier fermion, which propagates in the
loop diagrams, may be either SU(2) singlet or triplet. All these possible mechanisms
we call fermionic LG. Pure singlet and pure triplet LG were described uniformly in
Ref. [39]. Triplet-singlet LG [40, 41] arises naturally in theories of grand unification,
such as Adjoint SU(5) model [37], in which the triplet should be lighter than singlet
to guarantee the unification. The last possibility of singlet-triplet LG we consider for
the first time. This mechanism can be realized, e.g., in SUSY SU(5) model, where the
exact masses of triplet and singlet fermions are not determined from phenomenological
constraints [42].
In section 3.2 we have revised the derivation of Davidson-Ibarra bound and pointed
out that in the models with one massless neutrino it essentially depends on the type of
the hierarchy of light neutrino masses. The possibility to weaken the bound on  is briefly
discussed for nearly degenerate heavy neutrinos in section 3.3, and considered in more
details for hierarchical heavy neutrinos in the following, in particular, general explanation
of freed LG is presented in section 3.4 with more details given in the Appendix A, and
its possible realization in Adjoint SU(5) model is demonstrated in section 3.5. And we
conclude in section 4.
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2. Neutrino masses
Consider the see-saw generation of the neutrino masses in the SM extended by extra
heavy fermions, see Ref. [43] for a good review. For uniform description we add to the
SM Lagrangian the singlet Majorana fermion terms
Lsinglet = N¯iiγµ∂µNi −
(
Y siαNiL¯αφ+
1
2
N¯iM
s
ijN
c
j + H.c.
)
(1)
or/and SU(2)L triplet Majorana fermion terms
Ltriplet = TrT¯iiγµDµTi −
(
Y tiαL¯αTiφ+ TrT¯iM
t
ijT
c
j + H.c.
)
, (2)
where α = e, µ, τ is a flavor index, i and j numerate the new fermions, the summation
over repeated indexes and proper contraction under SU(2) is assumed, c stands for
charge conjugation, the matrix representation for Ti is given by
Ti =
1
2
(
T 0i
√
2T+i√
2T−i −T 0i
)
, (3)
the long derivative acts as
DµTi = ∂µTi + ig2[Wµ, Ti], (4)
and we use the notation L = (eL, νL)
T and φ = (φ0, φ−)T for the SM lepton and Higgs
doublets, respectively.
Integrating out the heavy fermions in Eqs. (1) and (2) we get the standard Weinberg
dimension 5 operator [44]
LeffY =
1
2
L¯φ
M treeν
v20
φTLc + H.c. (5)
with 3× 3 neutrino mass matrix
M treeν = v
2
0
[
Y sT (M s)−1Y s + Y tT (M t)−1Y t
]
, (6)
where v0 = 174 GeV is the Higgs vacuum expectation value. We assume that the total
number of the new fermions is n = 2 or 3, and choose the bases for Ni, Ti and charged
leptons where the mass matrices M s, M t and the charged lepton Yukawa matrix are
diagonal and real. Hence in the hybrid case with both singlet and triplet fermions one
of Y s and Y t is a complex (n− 1)× 3 matrix (or row), while the other one is a row of 3
complex elements.
In the following we use sequentially numbered singlets and triplets in ascending order
of their masses 0 < M1 < M2 < . . . . Hence the neutrino mass matrix in Eq. (6) can be
rewritten as
M treeν = v
2
0Y
TD−1M Y, (7)
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where DM = diag(M1,M2, . . . ) and Y is a general complex n × 3 matrix. In the pure
case with only singlet (triplet) fermions the matrix Y coincides with Y s (Y t), while in
the hybrid case it is constructed from Y s and Y t by adding to the (n− 1)× 3 matrix (or
row) the row in the proper place according to the index number of the corresponding
mass eigenstate. The 3 phases can be removed from Y by phase redefinition on the
charged leptons. For n = 3 this leaves 9 moduli and 6 phases as physical parameters,
similarly to the type I see-saw case [43], while for n = 2 only 6 moduli and 3 phases are
left.
The lightness of the observable neutrinos can be explained by the small ratio v0/DM in
Eq. (7), which is the usual see-saw factor. We recall that for n = 2 the lightest neutrino
is massless.
3. Leptogenesis
3.1. Fermionic LG
Consider the standard fermionic LG, in which the CP violation is generated in the out-
of-equilibrium decays of heavy Majorana fermions through the interference of tree and
one-loop diagrams. Clearly it is important whether the decaying fermion is singlet or
triplet, and same for the fermion, which propagates in the loop diagrams. According
to this consider the four types of spectrum, shown in the Table 1, where and below
i = 1, 2, . . . and j = 2, . . .
Table 1: Characteristics of the four basic types of fermionic LG.
# Type of LG New fermions Fj F M
min
1 (resonant LG)
1 Pure singlet {Ni} 2Sj+Vj3 1 well below 1 TeV
2 Pure triplet {Ti} 2Sj−Vj3 1/3 ∼ 1.6 TeV
3 Singlet-Triplet N1, {Tj} Vj 1 —
4 Triplet-Singlet T1, {Nj} Vj3 1/3 —
For all the listed cases the CP asymmetry can be expressed uniformly (see Ref. [39]
for the cases 1 and 2, and Ref. [40] for the case 4)
1 = −
∑
j
3
2
Fj
M1
Mj
Γj
Mj
Ij, (8)
where we summed over the lepton flavors1,
Ij =
Im[(Y Y †)21j]
(Y Y †)11(Y Y †)jj
(9)
1For simplicity we do not consider the flavor effects [43, 45, 46], which may change the result by factor
of few, since this is a minor effect for our main discussion in sections 3.4 and 3.5.
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and
Γj
Mj
=
(Y Y †)jj
8pi
(10)
with the total width Γj ≡ Γ(Nj → `φ, ¯`φ¯) of Nj decay into a two particle final state.
The expressions of the loop factor Fj, which are shown in Table 1 for the discussed
types of LG, contain the self energy
Sj =
M2j ∆M
2
1j
(∆M21j)
2 +M21 Γ
2
j
(11)
and vertex
Vj = 2
M2j
M21
[(
1 +
M2j
M21
)
log
(
1 +
M21
M2j
)
− 1
]
(12)
loop terms, where
∆M2ij = M
2
j −M2i . (13)
In the case of other possible types of the extra fermion spectrum one should take
the proper combination of the CP asymmetries, namely, a superposition of pure singlet
and singlet-triplet (pure triplet and triplet-singlet) expressions should be taken in the
singlet-triplet-singlet (triplet-singlet-triplet) case.
Interestingly, the self energy contribution vanishes in the hybrid cases 3 and 4. It was
found in Ref. [40] for the case 4, and we get similar cancellation in the case 3. The
additional factor 3 in the expression for Fj in the singlet-triplet case comparing to the
triplet-singlet one is related to the 3 components of triplet running in the vertex loop.
3.2. Hierarchical case
The loop factors in Eqs. (11) and (12) are defined in such way that in the hierarchical
limit Mj/M1 → ∞ they go to unity: Sj = 1 and Vj = 1. The CP asymmetry in this
limit can be written as
1 = − 3F
16pi
M1Σ
tree
ν
(Y Y †)11
, (14)
where the values of F = limMj/M1→∞ Fj are shown in Table 1, and
Σtreeν =
∑
j
Im[(Y Y †)21jM
−1
j ] =
1
v20
Im
{[
Y
(
M treeν
)†
Y T
]
11
}
. (15)
Using the Casas–Ibarra parametrization [47]
Y = v−10 D
1/2
M RD
1/2
ν U
†, (16)
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where U is the PMNS leptonic mixing matrix [48, 49], which diagonalizes the neutrino
mass matrix in the flavor basis (in which the charged-lepton Yukawa matrix and gauge
interactions are flavor-diagonal) as
UTM treeν U = diag(m1,m2,m3) ≡ Dν , (17)
and R is a complex orthogonal matrix (or partly orthogonal in the case m1 = 0 [50]),
the CP asymmetry can be rewritten as
01 = −
3F
16pi
M1
v20
∑
km
2
k Im[R
2
1k]∑
kmk|R1k|2
. (18)
In the notation R1k = xk + iyk it takes the form
01 = −
3F
16pi
M1
v20
2
∑
km
2
kxkyk∑
kmk(x
2
k + y
2
k)
(19)
with the orthogonality condition
∑
k(xk + iyk)
2 = 1.
For 0 < m1 < m2 < m3 the upper bound is
|1|max = 3F
16pi
M1
v20
(m3 −m1) (20)
with the choice of ~x = x(±1, 0, 1) and ~y = y(∓1, 0, 1), where x2 = y2+1/2 1. However
this choice is forbidden in the case with one massless neutrino, in which R is 2×3 matrix
with zero first column [50]
R =
(
0 cos z ± sin z
0 − sin z ± cos z
)
, (21)
where z = α + iβ is the complex angle. By using this R, Eq. (18) can be rewritten as
01 = −
3F
16pi
M1
v20
(m23 −m22) sin 2α sinh 2β
(m2 +m3) cosh 2β − (m3 −m2) cos 2α. (22)
The maximization of the trigonometric factor in Eq. (22) over α gives
− 3F
16pi
M1
v20
(m3 −m2) tanh 2β. (23)
Hence for 0 = m1 < m2 < m3 we have
|1|max = 3F
16pi
M1
v20
(m3 −m2). (24)
The neutrino mass difference in Eq. (20) is m3 −m1 ≈
√|∆m2atm| for both normal and
inverted hierarchies of the neutrino masses.2 However the difference m3−m2 in Eq. (24)
2For quasi-degenerate neutrino masses m1 ≈ m2 ≈ m3 ≈ m0 we have m3 −m1 ≈ |∆m2atm|/(2m0).
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is about
√|∆m2atm| only for the case of the normal hierarchy, while for the inverted one
the result is m3 −m2 ≈
√
∆m2sol/2, which suppresses |1|max by 1 order of magnitude.
From this Davidson–Ibarra bound on 1 [17]-[20], using m
2
3 ≈ |∆m2atm| = 2.40 ×
10−3 eV2 [1] and the baryon asymmetry of the Universe ηB ≈ 6× 10−10, one can get the
bound [20, 51]
M1 & 109 GeV, (25)
which would be even stronger for either quasi-degenerate light neutrinos or inverted
hierarchical neutrinos with one massless state. However this bound can be significantly
relaxed in freed LG [30, 31], which is discussed in section 3.4.
3.3. Resonant LG
The bound in Eqs. (20) and (24) does not make sense for nearly degenerate heavy
Majorana fermions in the resonant LG [24]-[29], which is possible at TeV scale. Indeed
in the limit Mj −M1  M1 the self energy diagrams dominate. Using Eq. (11), for
Mj −M1 ≈ Γj/2 we have SjM1Γj/M2j ≈ 1. Hence |1| ∼ 1 in Eq. (8) for Ij ∼ 1. We
note that this resonant scenario is not applicable to the singlet-triplet and triplet-singlet
LG, which do not have the self-energy contribution in the CP asymmetry, as shown in
Table 1.
The scattering term in the Boltzmann equation for a triplet fermion number density
has gauge boson mediated contribution in addition to the Higgs mediated one, which is
presented in both singlet and triplet fermion cases. In result, TeV triplets are thermalized
by gauge boson mediated annihilations up to M1/T  1, where T is the temperature.
The efficiency factor in the final baryon asymmetry depends in this case on the triplet
mass and is strongly suppressed for M1 ∼ O(TeV) [52]. This implies M1 & 1.6 TeV [53,
54] in contrast to the lower bound on the fermionic singlet mass, which can be well below
the TeV scale. Table 1 shows the lower bounds on M1 for resonant LG.
3.4. Freed LG
Using Eqs. (5) and (7), the Weinberg operator can be rewritten as
LeffY =
1
2
L¯φ
M treeν
v20
φTLc + H.c. =
1
2
L¯φ(Y TD−1M Y )φ
TLc + H.c. (26)
In this section we discuss the new kind of LG, which takes place in the theories with the
additional to Eq. (26) effective dim.5 operator3
Leffh = −
1
2Λ
L¯αφ(hαh
T
β )φ
TLcβ + H.c., (27)
3This operator can be generated in loops with the additional to Ni or/and Ti new particles (including
scalars) in the theory. However they do not participate directly in generation of the CP asymmetry
in freed LG, which therefore can be attributed to the class of fermionic LG.
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where Λ > 0 is the high-energy scale. The operator in Eq. (27) produces new contribution
−hhTv20/Λ to the neutrino mass matrix besides the one in Eq. (7).
In many theories of grand unification, e.g., in Adjoint SU(5) model [37], the new
Yukawa couplings h are proportional to Y [30], [31]
hTα = aiYiα. (28)
(Here we consider real ai.) In this case, by using the orthogonal transformationQY = Y
′,
the neutrino mass matrix can be rewritten in the form of Eq. (7) as
M treeν − v20
Y TaTaY
Λ
≡Mν = v20 Y ′TD−1MY ′ (29)
with the diagonal modified mass matrix of heavy fermions DM = diag(M˜1, M˜2, . . . ) [31].
Note that the relative minus sign between Eqs. (26) and (27) may result in partial
cancellation between the ordinary see-saw and the new contribution to the neutrino mass
matrix in Eq. (29), which relaxes the CP asymmetry in LG, expressed through the light
neutrino masses, as discussed below. This minus sign can be generated, e.g., due to
negative new scalar coupling in the potential, such as λ5 in the next section [30, 31].
For the case of two new fermions in the hierarchical limit M1/M2 → 0 the sum Σtreeν
in Eqs. (14) and (15) can be rewritten as Σtreeν = µΣν with the magnification factor
µ = Λ/(Λ − a22M2) [31] (see appendix A for the details). Hence the CP asymmetry is
proportional to µ and can be resonantly enhanced. In the limit of M1  min(Λ,M2),
using the Casas–Ibarra parametrization of Y ′ with the matrix R′ in Eq. (43), we have
freed1 = −
3F
16pi
µM1
v20
∑
km
2
kIm[R
′2
1k]∑
kmk|R′1k|2
(30)
for a21a
2
2M1M2  Λ|Λ − a22M2| case, which is natural, but implies the restriction |µ| 
Λ2/(a21a
2
2M1M2), in particular, |µ|  Λ/(a21M1) for large |µ|; and
freed1 = −
3F
16pi
µM1
v20
∑
km
2
kIm[R
′2
2k]∑
kmk|R′2k|2
sign[Λ− a22M2] (31)
for a21a
2
2M1M2  Λ|Λ− a22M2| case, which requires strong fine tuning.
Both expressions (30) and (31) generate the upper bound of the same form
|freed1 |max = |µ||1|max, (32)
where |1|max is given in Eqs. (20) and (24). Note that in the intermediate region of
a21a
2
2M1M2 ∼ Λ|Λ − a22M2| the approximate relation |freed1 |max ≈ |µ||1|max still takes
place.
In the resonant case Λ ≈ a22M2 we have |µ|  1, which enhances the CP asymmetry,
and gives more freedom to the mass of heavy neutrino N1 by relaxing the bound in
Eq. (25) as
M1 & 109|µ|−1 GeV. (33)
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Figure 1: Left: µ versus |a2| in Adjoint SU(5) model for Mρ3 = 5 × 1011 GeV, Mρ8 =
1015 GeV and λ5 = −0.5; Right: same but for λ5 = −0.1.
3.5. Freed LG in Adjoint SU(5)
One of the characteristic examples for possible realization of freed LG [30, 31] is Adjoint
SU(5) model [37], which is a viable grand unified theory with the massive neutrinos and
suitable proton lifetime. In this model, the ordinary SU(5) theory [55] particle content
is extended by the new fermions in adjoint 24F representation and bosons in 45H . In
result, in addition to the tree level III+I seesaw neutrino mass term there is a one-loop
contribution with octet fermions ρ8 ∈ 24F and scalars S8 ∈ 45H propagating in the loop.
The lightest new fermion, which plays role of T1 in the above sections of this paper, is the
fermionic triplet ρ3 ∈ 24F . The linear coefficients a1 and a2 in Eq. (28) are determined
in Adjoint SU(5) by the ratio of the vacuum expectation values of the SM Higgs doublet
φ (mixture of the two scalar doublets in 5H and 45H) and 45H .
Fig. 1 shows the dependence of the magnification factor µ on the absolute value of
a2 for the chosen values of S8 mass, masses Mρ3 = 5 × 1011 GeV and Mρ8 = 1015 GeV
of triplet and octet adjoint fermions, respectively, and the coupling λ5 = {−0.5,−0.1}
of the interaction (φ†S8)2. In this choice of the parameter values we took into account
the proton decay constraint on scalar octet mass MS8 < 4.4× 10−5 GeV, the regime of
successful unification constraint on the adjoint fermion mass ratio Mρ8/Mρ3 > 100, and
the unflavored LG (without usage of any resonance conditions) bound on triplet fermion
mass Mρ3 & 5× 1011 GeV.
Fig. 1 demonstrates that for essential range of the allowed parameter space the value
of µ is significantly larger than unity, which may enhance the CP asymmetry in LG and
relax the allowed parameter space of the model, in particular, the lower bounds on Mρ3
and other adjoint fermions.
4. Summary
We considered the extensions of the SM by the heavy Majorana fermions, which govern
the generation of both LG and neutrino masses, and divided them into 4 classes according
to the different expressions for the CP asymmetry in LG. Among them the 3 classes
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were discussed in the literature. However LG in the model with the lightest singlet
and heavier triplets in the spectrum of the new fermions was not studied before. The
bound on the CP asymmetry in the hierarchical limit, which is known as Davidson–
Ibarra bound, is discussed and explained how it can be relaxed in recently proposed
freed LG. A particular realization of freed LG in Adjoint SU(5) model is demonstrated.
In addition, we pointed out the difference of the Davidson–Ibarra bound in the case with
one massless neutrino from its standard form, which is valid for all massive neutrinos.
The possibility of non-hierarchical low energy LG, which is known as resonant LG, is
also briefly discussed.
A. CP asymmetry in freed LG
The sum Σtreeν in Eq. (15) can be rewritten as
Σtreeν =
∑
j
Xj
Mj
, (34)
where
Xj = Im[((Y Y
†)1j)2]. (35)
By replacing in Eq. (15) M treeν from Eq. (7) by Mν from Eq. (29) we get
Σν =
∑
j
Xj
M ′j
, (36)
where
M ′j ≡
(
1
Mj
− a
2
j
Λ
)−1
, (37)
which can be negative as well as positive.
For the case of only two new fermion mass states we have
Σtreeν = µΣν (38)
with
µ =
M ′2
M2
=
Λ
Λ− a22M2
, (39)
so that the CP asymmetry in the hierarchical limit M2/M1 →∞ takes the form [31]
freed1 = −
3F
16pi
µ
M1Σν
(Y Y †)11
(40)
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with
Σν =
1
v40
∑
k
m2k Im
[(
QTD
1/2
M R
′
)2
1k
]
, (41)
(
Y Y †
)
11
=
1
v20
∑
k
mk
∣∣∣(QTD1/2M R′)1k∣∣∣2 , (42)
where the partly orthogonal matrix R′ comes from the parametrization of Y ′ as
Y ′ = v−10 D
1/2
M R
′D1/2ν U
†, (43)
similarly to Eq. (16).
In the limit M1  min(Λ,M2) we have [31]
Q ≈
(
1 q
−q 1
)
(44)
with q ≈ sin q ≈ −a1a2M1/Λ, and the eigenvalues of the matrix DM
M˜1 ≈M1
(
1 + a21
M1
Λ
)
, M˜2 ≈M ′2. (45)
Hence Eq. (40) can be rewritten as
freed1 ≈ −
3F
16pi
µM1
v20
Im[mˆ1] + q
2r Im[mˆ2]− 2q Im[
√
r mˆ12]
m˜1 + q2|r|m˜2 − 2qRe[
√
r m˜12]
, (46)
where r = M ′2/M1, and the light neutrino parameters are defined as
mˆi =
∑
k
m2k(R
′
ik)
2, mˆ12 =
∑
k
m2kR
′
1kR
′
2k, (47)
m˜i =
∑
k
mk|R′ik|2, m˜12 =
∑
k
mkR
′
1kR
′∗
2k. (48)
By taking the limiting cases q2 |r|  1 and q2 |r|  1 we get Eqs. (30) and (31),
respectively.
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